Abstract We obtain the set of all detector configurations providing the maximal violation of the Bell inequality in the Clauser-Horne-Shimony-Holt form for a general (pure or mixed) state of two qubits. Next, we analyze optimal conditions for the Bell-inequality violations in the presence of local decoherence, which includes energy relaxation at the zero temperature and arbitrary pure dephasing. We reveal that in most cases the Bell inequality violation is maximal for the "even" two-qubit state. Combined effects of measurement errors and decoherence on the Bell inequality violation are also discussed.
stumbling blocks for quantum computation [42] . Therefore recently there has been a surge of interest in effects of decoherence on entanglement [9, [29] [30] [31] 33, 35, 48, 52, 58, 61, 62] . In particular, it was revealed that, when decoherence is local (i.e., not correlated between different parts of a multipartite system), entanglement, as a rule, disappears after a finite time-the phenomenon called entanglement sudden death [61, 62] .
One of the most striking manifestations of the nonclassical nature of physics is violation of the Bell inequality (BI) [11] . In particular, the BI violations demonstrate non-locality of physics. Moreover, the BI violation is used for quantum key distribution [22, 36] . Decoherence transforms a pure entangled state into a mixed state, decreasing thus entanglement and the Bell inequality violation. Effects of decoherence on the BI violation have attracted a significant interest recently [3, 10, [29] [30] [31] [32] [33] 35, 47, 54] . Like entanglement, in the presence of local decoherence the BI violation in most cases disappears after a finite time (Bell nonlocality sudden death [3] ).
A violation of the BI implies necessarily that the system is in an entangled state, however the converse statement is not true. Indeed, while any pure (completely coherent) entangled state can be used for violation of the BI [15, 23] , there are mixed (partially incoherent) entangled states which cannot violate the BI [60] . In fact, the ratio of the volume of the states violating the BI to the total volume of the entangled states is small; for instance, in the Hilbert-Schmidt metric this ratio equals 0.01085 [33] . Correspondingly, in the presence of local decoherence the duration of the Bellinequality violation is generally significantly shorter than the entanglement survival time [33] . Thus, observation of the Bell inequality violation is a more difficult task than observation of entanglement.
Until now, most experiments on the BI violation have been performed with photons [2, [5] [6] [7] [8] 59 ]. However, recently there has been an increasing interest in testing the BI for various material systems, where decoherence is usually an important factor. In particular, experiments with ions in traps [45] , single neutrons [24] , atom-photon [41] and two-atom [38] systems were performed. Moreover, the violation of the BI in superconducting Josephson phase qubits [13, 17, 37, 63] was demonstrated in [4] . There are also various theoretical proposals related to the BI violation in solid-state systems [10, 28, 46, 47, 53, 54, 57] .
Optimal experimental conditions for observation of the BI violation in superconducting phase qubits were considered in [32] . There both the ideal case and effects of various nonidealities, such as measurement errors and crosstalk [34, 39] , were analyzed in detail, while decoherence was discussed briefly. In a recent paper [33] entanglement and the BI violation in the presence of decoherence were considered. In both refs. [32, 33] , the class of the "odd" two-qubit states, which are obtained readily in experiments with superconducting phase qubits [39, 51] , was discussed. Note, however, that different states, such as "odd", "even" or more general states, are affected differently by energy relaxation. Therefore, it is of interest to study which states are better suited for observing violations of the BI in the presence of decoherence. Moreover, optimal detector configurations providing the maximal BI violation in the presence of decoherence were not discussed previously, except for the case of pure dephasing [47] (there are also brief remarks on this topics in [32, 33] ).
In the present paper, we consider the Bell inequality in the CHSH form [18] for two two-level systems (qubits). We begin with obtaining all optimal detector configurations providing the maximal BI violation for any given state. Basing on this solution, we provide a comprehensive discussion of effects of local decoherence on the BI violation. We obtain both optimal states and all detector configurations which yield the maximal BI violation in the presence of decoheremce. The knowledge of all optimal configurations is important for planning experiments, since some detector configurations can be easier to realize than others [47] . Our decoherence model includes energy relaxation at the zero temperature (known also as spontaneous decay or amplitude damping) and pure dephasing (phase damping). We analyze analytically and numerically the general case and a number of important special cases. In particular, we study the experimentally relevant classes of the general "even" and "odd" states and reveal that the "even" states provide maximal BI violations in most cases. We also discuss the combined effect of decoherence and local errors, basing on the treatment of errors in [32] .
The paper is organized as follows. In Sect. 2 we discuss the BI and properties of maximally entangled states. In Sect. 3 we obtain all optimal configurations of the detectors which maximize the BI violation for any given (pure or mixed) state. Section 4 is devoted to effects of local (independent) decoherence of the qubits on the BI violation. In Sect. 5 we consider combined effects of errors and decoherence. Section 6 provides the concluding remarks. The two appendices supplement the main text. In particular, in Appendix B we discuss some properties of two-qubit states.
Preliminaries

The Bell inequality
We consider a pair of qubits, i.e., two-level systems a and b. Each qubit has the states |0 and |1 . A measurement of a qubit along any direction in the Bloch-sphere produces one of possible results ±1. The correlator of the measurement results for the two qubits is the following average (expected value),
E(a, b) = A(a)B(b)
(2.1)
Here a (b) is the unit radius-vector in the Bloch sphere along the observation ("detector") axis for qubit a (b), whereas A(a) and B(b) are dichotomous random variables with the values ±1 describing results of measurements for qubits a and b, respectively. Measurements of two qubits satisfy the Bell inequality, provided that a local realistic (classical) theory holds and there is no communication between the qubits [11] . We consider the Clauser-Horne-Shimony-Holt (CHSH) version of the BI [12, 18] 
where
S = E(a, b) − E(a, b ) + E(a , b) + E(a , b ). (2.3)
Note that the minus sign can be moved to any term in Eq. (2.3). The resulting expressions for S are equivalent up to a change of the labeling of the observables at each qubit. Indeed, the substitution a ↔ a results in the permutation of the signs of the second and fourth terms in Eq. (2.3) . Similarly, the substitution b ↔ b (a ↔ a , b ↔ b ) is equivalent to moving the minus sign to the first (third) term in Eq. (2.3).
In the quantum case, the quantity (2.3) can be expressed through the Bell operator [14] B as follows,
where ρ is the density matrix for the two qubits and
Here the observables
n is the n × n identity matrix, and σ = (σ x , σ y , σ z ) is the vector of the Pauli matrices [42] . We denote by |0 and |1 the eigenvectors of σ z with the eigenvalues 1 and −1, respectively. 1 The CHSH parameter S depends on the quantum state of the pair of qubits and on the "detector configuration", i.e., the four vectors (a, a , b, b ). In this paper we look for experimental conditions, i.e., the quantum states and the corresponding detector configurations, which are the most favorable for an observation of the BI violation. Such conditions are reached when |S| − 2 is positive and maximal.
We will use the following properties of S [32] .
(i) S is invariant under arbitrary local unitary transformations of the qubits,
and the corresponding rotations of the detectors,
Here U a (U b ) is a unitary matrix for qubit a (b) and R a (R b ) is the rotation matrix corresponding to U a (U b ), so that, e.g.,
a rotation matrix R being an orthogonal matrix, R T R = I 3 , with det(R) = 1. Equation (2.7b) is obtained on inserting Eq. (2.7a) into Eq. (2.4) and using Eqs. (2.5), (2.6), and (2.8).
(ii) The sign of S is inverted, if the vectors a and a (or b and b ) invert the sign,
Therefore, for a given state the maximal and minimal values of S are equal by the magnitude, yielding equal violations of both bounds in the BI (2.2). In other words, 10) where S + and S − are, respectively, the maximum and minimum of S for a given state. As a result, it is sufficient to discuss only the conditions for achieving the maximum of S, at least, in the absence of the measurements errors (effects of errors are discussed in Sect. 5). Below we denote by S max the maximum of |S| over all states and detector axes.
(iii) Equation (2.9) implies that S is not changed if all detectors are inverted,
Maximally entangled states
In the ideal case, when there is no decoherence or errors, the maximal and minimal values, S max and S min , which S can achieve are [16] 
These limits are obtained for any maximally entangled state [44] . The BI violations are often considered for the following maximally entangled states, called also the Bell states [42] ,
For each maximally entangled state there are infinitely many optimal (i.e., producing a maximal BI violation) configurations of the detector axes a, a , b, and b ; all such configurations were described in [32] . In Sect. 3 we describe all configurations maximizing S for an arbitrary (pure or mixed) state. It is useful to have a general expression for maximally entangled states in the "standard" basis of the qubit pair. As shown in Sect. 2.3, with the accuracy to an overall phase, the most general form of a maximally entangled state is 2 
BI violations and entanglement for pure states
In the presence of decoherence and/or measurement errors, the states providing the maximal BI violation are not necessarily the maximally entangled states. Here we discuss the BI violations for arbitrary pure states under ideal conditions, i.e., in the absence of decoherence and errors.
There is a relation [55] (see also Appendix A) between S + and an entanglement measure, the concurrence C [25] , for an arbitrary two-qubit pure state,
The concurrence C is limited by the condition 0 ≤ C ≤ 1, a state being entangled whenever C > 0. Equation (2.17) shows that the BI is always violated for an entangled pure state, the maximal violation S + increasing with the concurrence C . Let us obtain S + and C for an arbitrary two-qubit pure state, which, up to an overall phase, can be written in the form is fixed. This provides the maximization condition |c 1 | = |c 4 |. Similarly, varying c 2 and c 3 with |c 1 | = |c 4 | being fixed yields the maximization condition |c 2 | = |c 3 |. Under the above two conditions, C = 1 and S + = 2 √ 2, i.e., the state is maximally entangled. We should also satisfy the inequality in Eq. (2.21) whenever c 1 = 0 and c 2 = 0. This is achieved by setting c 4 = c 1 and c 3 = −c 2 in Eq. (2.22); as a result, we obtain the general expression (2.15) for maximally entangled states.
In summary, we have shown that for given probabilities c 2 i , the BI violation and entanglement are maximized in real states (2.23) as well as in states which are equivalent to real states up to local z-rotations of the qubits.
Conditions for the maximal BI violation in an arbitrary state
While the formula for the maximum S + of S in the general mixed state is known [27] , only one optimal detector configuration (i.e., a configuration for which S + is realized) was provided [27, 23, 43] . In contrast, Samuelsson et al. [47] showed that for the Bell state |Φ + in the presence of dephasing there is a family of optimal configurations depending on one continuous parameter. In this section we extend the method of [27] in order to obtain all optimal detector configurations for any (pure or mixed) state. We show that the set of optimal detector configurations generally depends on one continuous and one discrete parameters, though in special cases the number of continuous parameters can equal two or three.
Maximal BI violation
Let us review the derivation [27] of the maximum S + of S for a given state. It is useful to consider the following representation [26, 27, 49] of the two-qubit density matrix
Here r k is the Bloch vector characterizing the reduced density matrix for the qubit k, so that, e.g., ρ a = Tr b ρ = (I 2 + r a · σ )/2, T is a matrix with the real elements
and
. Some useful properties of T are discussed in Appendix B.
Inserting Eq. (2.5) into (2.4) and taking into account Eqs. (2.6) and (3.2), we obtain that
3)
The products of the form aTb in Eq. (3.3) and below are defined as follows,
The vectors b and b can be always written in the form [43] 
To maximize this expression, one should require a and a to be parallel to Tc 2 and Tc 1 , respectively, 3 yielding
Then maximizing S over ζ b results in
where |v| denotes the length of a vector v, and
is a real symmetric matrix with nonnegative eigenvalues u 1 , u 2 , u 3 ; u 3 being the smallest eigenvalue (0 ≤ u 3 ≤ u 1 , u 2 ). As shown in [27] ,
(see the proof in Sect. 3.2). Equations (3.8) and (3.10) yield the maximum of S [27] ,
Hence, the BI violation, S + > 2, occurs when u 1 + u 2 > 1. Equations (B.4) and (3.11) imply the following limits on S + ,
In particular, for pure states [23] 2 ≤ S + ≤ 2 √ 2. The lower limit in Eq. (3.12), S + = 0, is obtained for the states with T = 0, which are, in view of Eq. (B.6), the states locally equivalent to ρ = diag(ρ 11 , ρ 22 , 1/2 − ρ 22 , 1/2 − ρ 11 ). These states are product states with one of the qubits in the maximally mixed state I 2 /2 and mixtures of such states.
As an example, let us obtain S + for a state with a diagonal T. As shown in Appendix B, all such states have the form (B.5). Now U = T 2 , and Eqs. (B.6) and (3.11) imply that
As shown in Appendix B, a necessary condition for the BI violation is det(T) < 0, which implies that
where R = −TU −1/2 is a rotation matrix. Below we focus on the case det(T) < 0.
Optimal detector configurations
Consider detector configurations providing the maximal S (3.11). Equation (3.10) obviously holds for c 1 = c 1 and c 2 = c 2 , where c i (i = 1, 2, 3) are the unit orthogonal eigenvectors of U corresponding to the eigenvalues u i . This is the choice of c 1 and c 2 which was made in [27] (similar choices were made also in [23] and [43] ). In this case Eq. (3.7) becomes ζ b = ζ 0 , where 16) and, in view of Eqs. (3.6) and (3.14),
The vectors e 1 and e 2 are orthonormal, since R is a rotation matrix. 
Equations (3.19) and (3.20) imply that 
In Eq. (3.22) the upper (or lower) signs should be used simultaneously. The quantities |Tc 1 | and |Tc 2 | are given by
where the upper (lower) sign corresponds to |Tc 1 | (|Tc 2 |). Inserting Eq. (3.23) into Eq. (3.7) and performing trigonometric calculations yields
Equation (3.24) can be compared with the angle ζ a between a and a , satisfying cos ζ a = a · a . As follows from Eqs. (3.22) and (3.23) and some calculations,
(we assume that 0 < ζ a , ζ b < π). Equations (3.24) and (3.25) imply that the angles ζ a and ζ b vary with η between the values ζ 0 (3.15) and π − ζ 0 with the period π . In particular, for 
whereas a, a , b, and b change the sign for η → η + π . As follows from Eq. (3.22) , the set of all optimal configurations maximizing S for a given state generally depends on one continuous parameter (η) and one discrete parameter [which corresponds to the two possible signs in Eq. (3.22)]. However, when u 3 is equal to u 1 and/or u 2 (a degenerate case), the set of optimal configurations is characterized by two or three continuous parameters, as discussed in Sect. 3.4. Note that the optimal detector orientations (3.22) depend on u 1 and u 2 only through the ratio u 2 /u 1 . As a result, two different states with the same R, c 1 , c 2 , and u 2 /u 1 have the same or, at least, overlapping sets of optimal detector configurations. (The overlap may be incomplete only when, at least, for one of the states u 1 = u 3 or u 2 = u 3 .) In particular, for the states ρ and ρ with the matrices T and T , respectively, satisfying T = f T ( f > 0), the respective quantities S + and S + obey S + = f S + , whereas the optimal configurations are the same for both states. An example of such states ρ and ρ is given by the input and output states of the depolarizing channel [42] ,
Polar coordinates
According to Eq. (3.22), the optimal detector directions for qubits a and b are confined to the planes (e 1 , e 2 ) and (c 1 , c 2 ), respectively. It is convenient to specify these directions by means of polar angles.
To this end, we introduce the polar coordinate ν in the (c 1 , c 2 ) plane, which is counted from c 1 in the direction where ν = π/2 corresponds to c 2 , and the polar coordinate δ in the (e 1 , e 2 ) plane [differing generally from the (c 1 , c 2 ) plane], which is counted from e 1 in the direction where δ = π/2 is the polar coordinate of e 2 . Then Eq. (3.22) can be recast in the form 
The configurations corresponding to the two different choices of the sign in Eq. 
These functions can be obtained as follows. On comparing Eqs. (3.22) and (3.28) with the upper signs, it is easy to see that 
The right-hand sides of Eqs. 
where nint(η/π ) is the nearest integer to η/π. Figure 1 shows the dependence on η of the polar coordinates of the observation axes in Eq. (3.28) with the upper signs for u 2 /u 1 = 0.3 (ζ 0 ≈ 1.00). Our calculations show that the set of the polar coordinates of the detectors is always ordered as follows (cf. Fig. 1 ),
(3.36)
Observation angles 
Symmetry with respect to the exchange of the qubits
In the above derivation in Sect. 3.1 the observables for qubit b are treated differently from those for qubits a, resulting in different solutions for the two qubits [cf., e.g., Eqs. (3.24) and (3.25)]. To check whether these solutions are invariant with respect to the qubit swap, we rewrite Eq. (3.3) in the form
where the roles of qubits a and b are interchanged. As follows from Eq. (3.14),
Thus, Eq. (3.37) can be recast as
Comparing Eqs. (3.3) and (3.38), we obtain that S is invariant under the substitution
In view of Eq. (2.11), one of the symmetry relations (3.39) and (3.40) is a consequence of the other. With the help of Eqs. (3.18) and (3.28), we obtain that Eq. (3.40) is equivalent to the inversion of the order of the detector coordinates, (3.41) where the quantities in the parentheses are the respective polar angles of the vectors
is an optimal detector configuration corresponding to the upper (lower) signs in Eq. (3.28), then
is an optimal configuration corresponding to the lower (upper) signs in Eq. (3.28). In summary, the set of the optimal detector configurations is invariant with respect to the qubit-swap symmetry relation (3.41). Thus, there are, at least, three simple relations between different optimal configurations, Eqs. (2.11), (3.29) , and (3.41).
Degenerate cases
Consider the optimal detector configurations for states characterized by the matrix U with degenerate eigenvalues. 
Completely degenerate case (u
An example of a mixed state corresponding to the completely degenerate case is the Werner state [60] 46) which is a special case of the state (3.27). The BI violation condition (3.42) for this state was obtained in [27] . For the state (3.46) T = − √ u I 3 , yielding R = I 3 , and we obtain the same optimal configurations (3.45) as for the singlet.
Case u
In this case we assume for definiteness that u 2 = u 3 < u 1 . Then c 1 is defined uniquely, whereas c 2 can be any unit radius-vector in the plane perpendicular to c 1 . Now the set of optimal configurations (3.22) or (3.28) is characterized by two continuous parameters, η and an angle specifying the direction of c 2 in the plane (c 2 , c 3 ) with respect to some reference axis. In this case the discrete parameter is replaced by the new continuous parameter; indeed, now one of the two possible signs in Eqs. (3.22) and (3.28) can be omitted, since it is recovered for c 2 → −c 2 .
In this case Eq. (3.11) yields S + = 2 √ 2u, as in the completely degenerate case. Now any two perpendicular unit vectors can be chosen as c 1 47) and by Eq. (3.29). Now the set of optimal configurations is characterized by one continuous parameter and one discrete parameter as in the nondegenerate case.
Special cases
Here we provide all optimal detector configurations for the states with T assuming one of the two simple forms,
(3.49)
The cases (3.48) 
In both cases (3.48) and (3.49)
, yielding, in view of Eq. (3.11),
i.e., S + = 2 √ 2τ x for τ x ≥ τ z and S + = 2 τ 2 x + τ 2 z for τ x ≤ τ z . However, the optimal detector configurations are different in the cases (3.48) and (3.49), as follows.
Case (3.48)
In the case (3.48) R = diag(−1, −1, 1). There are three possibilities, as follows.
, and one can choose as c 1 and c 2 any two unit perpendicular radius-vectors in the x y plane (see Sect. 3.4.3). We choose c 1 = x and c 2 = y, where x, y, and z denote the unit vectors along the corresponding axes. Now e 1 (e 2 ) coincides with c 1 (c 2 ), yielding δ = ν = φ, where φ is the polar coordinate in the horizontal (x y) plane. The optimal configurations lie in the horizontal plane, being given by 
2), we choose c 2 = e 2 = x cos φ 0 + y sin φ 0 , where φ 0 is an arbitrary number which equals the polar angle of c 2 in the x y plane. The above expressions for c 1 , c 2 , e 1 , and e 2 imply that the polar coordinates δ and ν satisfy the relation
Here θ is the polar angle in a vertical plane (a plane passing through the z axis), which makes the angle φ 0 with the x axis; θ is counted from the z axis in the direction where θ = π/2 corresponds to c 2 . The polar coordinates of the optimal detector axes θ a , θ a , θ b , and θ b as functions of the parameter η can be obtained from Eqs. (3.29), (3.32), (3.35) , (3.53) , and (3.54), namely,
where, in view of Eq. (3.24),
In Eqs. (3.55) and (3.56) the upper (or lower) signs should be used simultaneously; they correspond to the upper (lower) signs in Eq. (3.28). Thus, now optimal configurations lie in any vertical plane; they are characterized by two continuous parameters, η and φ 0 , in agreement with Sect. 3.4.2. As discussed above, the optimal configurations are horizontal for τ x > τ z and vertical for τ x < τ z .
c. For τ x = τ z we have the completely degenerate case (Sect. 3.4.1) with R = diag(−1, −1, 1) describing the rotation by π around the z axis. This rotation of qubit a yields |Ψ − → |Ψ + . Hence, in this case the optimal configurations coincide with those for the Bell state |Ψ + (2.14) (see Sect. 3.4.1). These configurations [32] include, in particular, the horizontal configurations given by Eq. (3.52) and the vertical configurations which follow from Eqs. (3.47) and (3.54) and can be cast as
(3.58)
Here we introduced the double sign as in Eq. (3.52).
Case (3.49)
In the case (3.49) R = diag(−1, 1, −1). There are three possibilities, as follows.
and we can choose c 1 = e 1 = x and c 2 = −e 2 = y, yielding ν = −δ = φ. In this case the optimal configurations lie in the horizontal plane and are given by Eq. (3.52) with φ a → −φ a and φ a → −φ a , i.e., by
(3.53) holds. As above, c 1 = e 1 = z and c 2 = x cos φ 0 +y sin φ 0 , but e 2 = x cos φ 0 − y sin φ 0 . Now the optimal detector axes for qubits a and b lie generally in different vertical planes characterized, respectively, by the polar coordinates φ a and φ b (in the x y plane) of c 2 and e 2 , respectively, such that
For a given value of φ 0 , the optimal configurations are given by Eqs. (3.32), (3.35), (3.29), (3.53), and (3.57).
In particular, the detectors are coplanar in two cases. For φ 0 = 0 and π the optimal configurations lie in the xz plane, the polar coordinates satisfying
whereas for φ 0 = π/2 and 3π/2 they lie in the yz plane and
In Eqs. (3.61) and (3.62) θ is counted from z in the direction where θ = π/2 corresponds to x and y, respectively. In the cases (3.61) and (3.62), the optimal configurations for qubit a are given, respectively, by the equations [cf. Eqs. (3.55)]
whereas the optimal configurations for qubit b are given by Eqs. Note that Eq. (3.49) follows from Eq. (3.48) under the π rotation of qubit a around the x axis. As a result, the above optimal configurations for the case (3.49) can be obtained from those discussed in Sect. 3.5.1 by the π rotation of the detector axes for qubit a around the x axis.
Effects of decoherence
Description of decoherence
To investigate effects of decoherence on the BI violation, we assume the following simplified picture of the experiment: after a fast preparation of the initial state ρ 0 , the qubits undergo decoherence during time t resulting in the state ρ, then a fast measurement follows. Now in Eq. (2.4)
where the superoperator (linear map) L describes decoherence of the qubit pair. We assume independent (local) decoherence of each qubit and the absence of any other evolution, so that
We consider Markovian decoherence which involves energy relaxation at the zero temperature (i.e., spontaneous transitions |1 → |0 ) and pure dephasing. The assumption of the zero temperature, T = 0, is applicable to low-temperature systems (such as superconducting phase qubits), with k B T E q , where k B is the Boltzmann constant and E q is the energy separation of the qubit. Note, however, that the BI violation conditions were found in [33] to depend very weakly on the temperature. Under the above assumptions, the elements of the density matrix ρ k (t) of qubit k (k = a, b) obey the Bloch equations [19] 
Here T k 1 and T k 2 are the decoherence times, obeying T k 2 ≤ 2T k 1 , where the inequality occurs in the presence of pure dephasing which proceeds with the rate
. In the derivation of Eqs. (4.3) it is usually assumed that
This condition is satisfied in many systems. In particular, it holds for superconducting phase qubits.
Equations (4.3) are usually used to describe environmentally induced (or extrinsic) decoherence, which can be contrasted with the so called intrinsic decoherence, introduced via a modification of the Schrödinger equation in order to solve some fundamental difficulties in our understanding of quantum mechanics [40] . Note, however, that the model in [40] in the first order in the expansion parameter, as well as other models of intrinsic decoherence (see references in [40] ), are formally equivalent to proper dephasing. Hence, the present paper describes effects of both extrinsic and intrinsic decoherence.
Equations (4.3) can be easily solved, providing the linear map
). The superoperator L k can be written in terms of the Kraus operators (the operatorproduct form [42] ),
where the Kraus operators are the special case for T = 0 of the Kraus operators obtained in [33] , namely 1
The Kraus operators (4.5) take into account energy relaxation and pure dephasing simultaneously, extending thus the previously known Kraus operators [42] which describe either effect separately. Combining Eqs. (4.1), (4.2), and (4.4) yields the expression for the two-qubit superoperator
through the nine two-qubit Kraus operators K i j . As a result of decoherence, the initial two-qubit density matrix ρ 0 = {ρ 0 i j } evolves after time t to Decoherence generally breaks the invariance of S with respect to local transformations of the initial state ρ 0 and the corresponding rotations of the detectors [cf. Eq. (2.7)]. As a result, locally equivalent initial states may yield different maximal violations of the BI. However, in the present model of decoherence S is still invariant under transformations of ρ 0 due to local rotations of the qubits around the z axis and the corresponding rotations of the detectors.
Bell operator modified by decoherence
It is useful to recast Eq. (2.4), S = Tr (Bρ), in the form
with the modified Bell operator
Here L * k (k = a, b) is the map adjoint (dual) to L k that moves observables of the quantum system [1] and 12) etc. By combining Eqs. (2.6), (4.5), and (4.12) we obtain that We performed numerical calculations of the maximum S max of S over all the states and observation directions as a function of the decoherence parameters with the help of the Mathematica routine NMaximize. We used two methods.
The first method is based on the fact that S max is equal to the maximum of the greatest eigenvalue of B d over the directions a, a , b, and b , the optimal state being given by the corresponding eigenvector. The detector axes are determined by eight independent parameters, but the number of the varied parameters can be reduced to five, using the following facts. (i) The set of points corresponding to any unit vector in all optimal configurations is a great circle on the Bloch sphere (see Eq. (3.28); Fig. 1 ). Since all great circles intersect each other, one of the detectors can be fixed in any great circle; in our calculations, we place a in the x y plane. (ii) The invariance of S with respect to rotations of the qubits around the z axis (Sect. 4.1) allows us to set a = (1, 0, 0) and, say, b y = 0.
The second method, based on the analytical approach of Sect. 3, is discussed in Sect. 4.3.
States maximizing the BI violation
It was shown in Sect. 2.3 that real states (2.23),
provide maximal BI violations for given probabilities c 2 i . More generally, our numerical calculations by the method of Sect. 4.2 show that even in the presence of decoherence, S max can be always obtained for an initial state of the form (4.14). The real states (4.14) form a subset, depending on 3 independent parameters, of the set of pure two-qubit states, depending on 6 independent parameters.
The most general state equivalent to Eq. (4.14) up to local qubit z-rotations has the form (with the accuracy to an overall phase factor) (c 1 , c 2 , c 3 , c 4 ) = (sin κ 1 , cos κ 1 sin κ 2 , cos κ 1 cos κ 2 sin κ 3 , cos κ 1 cos κ 2 cos κ 3 ) .
For the state (4.14) we can obtain an analytical solution for the maximal BI violation and optimal detector configurations in the presence of decoherence, as follows. Now in Eq. (4.8) the elements ρ 0 i j = c i c j are real and we obtain from Eq. (3.2) the matrix
In the matrix T (4.17) only the xz and zx off-diagonal elements are nonvanishing. This allows us to obtain an analytical solution for S + and the optimal configurations, using the formalism of Sect. 3, as follows. From Eq. (4.17) we obtain that the nonzero elements of U = T T T equal
where g = 1 − 2γ b ρ 0 22 − 2γ a ρ 0 33 − 2dρ 0 44 . When U xz = U zx = 0, it is easy to see that the eigenvalues of U are
the corresponding eigenvectors being
Thus, we obtain that
which implies two cases, 20) ], i.e., all optimal detector axes lie in the xz plane. In contrast, in the case (4.23) c 1 and e 1 are in the xz plane, whereas c 2 = y and e 2 equals y or −y, i.e., the optimal detector axes for the two qubits lie in two respective planes passing through the y axis.
When U is diagonal, i.e., U xz = U zx = 0 in Eq. (4.18), the treatment is straightforward. In particular, the case, when U and T are diagonal and U x x = U yy , was discussed in Sect. 3.5.
We use the above analytical solution to obtain S max and the corresponding optimal state, by maximizing S + numerically over the 3 parameters κ 1 , κ 2 , and κ 3 in Eq. (4.16). This procedure is significantly faster than the numerical method described in Sect. 4.2. Before the discussion of the results of numerical calculations in Sect. 4.5, we consider important cases which admit simple analytical solutions.
Analytical solutions for special cases
Here we consider cases allowing for relatively simple analytical solutions.
Horizontal optimal configurations
An especially simple solution is obtained when the optimal observation axes lie in the x y (horizontal) plane. Then Eqs. (4.11) and (4.13) with a z = 0 yield B d = λ a λ b B, and hence S = λ a λ b S 0 , where S 0 = Tr (Bρ 0 ) is obtained in the absence of decoherence (Sect. 2). As a result, the value of S maximized over all states and horizontal observation directions is
This value is obtained only for the maximally entangled states which have horizontal optimal detector configurations in the ideal case, as, e.g., the states |Ψ + and |Φ + discussed in Sect. 3.5. All such states are given by the expressions 
Even and odd states
It is of interest to consider maximal violations of the BI for the classes of general complex "odd" and "even" states, respectively (0 ≤ α < 2π, 0 < β < π/2), |Ψ = sin β|01 + e iα cos β|10 , (4.27) |Φ = sin β|00 + e iα cos β|11 .
In particular, the state (4.27) is directly obtainable in experiments with superconducting phase qubits [39, 51] . It is sufficient to consider the general positive odd and even states, which are special cases of Eq. (4.14), whereas for the general odd states
and for the general even states Since now τ x ≤ τ z , the optimal detector configurations for the qubits lie in vertical planes, as described in points b. in Sects. 3.5.1 and 3.5.2. For β = π/4 the states (4.29) and (4.30) are maximally entangled, and the BI violation is maximal, S + = S max = 2 √ 2; then optimal configurations lie both in vertical and horizontal planes [32] (points c. in Sects. 3.5.1 and 3.5.2).
In contrast to the ideal case, in the presence of decoherence S max is not necessarily obtained for a maximally entangled state. It is still of interest to consider S + for the maximally entangled odd and even states (β = π/4), i.e., |Ψ + and |Φ + , respectively. For |Ψ + and |Φ + Eq. (4.36) with β = π/4 becomes, respectively, .40) is greater than the first term. Hence, in the presence of decoherence, the BI violation for |Φ + is generally greater than for |Ψ + . This means that the BI violation duration τ B , defined by S + (t = τ B ) = 2, is generally greater for |Φ + than for |Ψ + .
Consider now the maximal BI violations for the classes of the general even and odd states. To this end, S + in Eq. (4.36) should be maximized with respect to β. This yields for the optimal odd state (4.29) 
Equations (4.41a) and (4.42a), in contrast to Eqs. (4.41b) and (4.42b), can describe a violation of the BI. When the first term in the braces in Eq. (4.41a) or (4.42a) is greater than the second term, the case (4.24) is realized and the corresponding state is maximally entangled (β = π/4). In the opposite case, the optimal odd and even states generally are not maximally entangled, being characterized by the following values of β, respectively, Numerical calculations show that the maximal BI violation in the optimal even state is greater than or equal to that obtained in the optimal odd state. The differences in S + for the optimal even and odd states can appear only in the case when the detectors are in a vertical plane. In this case the optimal states are generally nonmaximally entangled. The reason for this is as follows. While for horizontal detector configurations S = λ a λ b S 0 depends only on the dephasing parameters λ a,b (see Sect. 4.4.1), S is sensitive to energy relaxation when detectors axes do not lie in the horizontal plane. As a result, for instance, in the optimal even state the amplitude of |11 is less than the amplitude of |00 , since this bias reduces spontaneous decay and hence diminishes the detrimental effect of energy relaxation on the BI violation. By the same reason, in the optimal odd state the amplitude of the excited qubit with a smaller γ k (shorter T k
Numerical results and discussion
Pure dephasing
First, let us discuss the case of the absence of energy relaxation, γ a = γ b = 1, when decoherence occurs due to pure dephasing. Our calculations show that now both the odd and even Bell states, |Ψ + and |Φ + , are optimal states providing S max . In this case γ + = 2, γ − = d = d 1 = 0, and both Eqs. (4.41) and (4.42) yield [10, 47, 54] 
Thus, now the BI can be violated for any level of decoherence, and hence there is no Bell nonlocality sudden death now. The value (4.45) is achieved for the observation axes lying in a vertical plane [47] . The detector orientations for the odd and even Bell states are described in points b. in Sects. 3.5.1 and 3.5.2, respectively, taking into account that now τ x = λ a λ b and τ z = 1 for both states. Note that the states (4.27) and (4.28) are also optimal. However, not all maximally entangled states are optimal now [10, 54] , since S is generally non-invariant with respect to local transformations (see the last paragraph in Sect. 4.1).
Identical decoherence of the qubits
Next, consider the case of identical decoherence for the qubits of a pair. Now 
Now the optimal odd state is the Bell state |Ψ + , so that Eq. (4.41) reduces to Eq. (4.39), which becomes now Figure 2 shows the dependence of S + on γ with μ = 1 (no pure dephasing) and μ = 0.9 for the even state (when S + = S max ) and the odd state |Ψ + . Note that the straight segments in Fig. 2 (in particular, both plots for the odd state given by dashed lines) correspond to the case of horizontal optimal configurations where
. Equation (4.47a) and Fig. 2 imply that the violation of the BI is possible only for γ > 2/3, this limit being approached for the vanishing pure dephasing (μ = 1). As a result, for a given value of T 1 , the maximal BI violation duration τ B is obtained for the even state when μ = 1, being given by
For comparison, we mention that in the case μ = 1 the odd state yields S + = S h = 2 √ 2γ , so that the BI can be violated only for γ > 1/ √ 2 ≈ 0.707. This corresponds to the longest τ B for the odd state with a given T 1 equal to [31, 33] τ B = T 1 ln 2/2 ≈ 0.347T 1 . Note that, in contrast to [31] , we obtain different values of τ B for the even and odd states. Figure 3 shows the dependence of S + on the pure dephasing parameter μ = λ/ √ γ . In the absence of energy relaxation (γ = 1) the plots for the odd and even states coincide and are given by Eq. (4.45), S + = S max = 1 + μ 4 = √ 1 + λ 4 . In this case violations of the BI can be achieved for any degree of pure dephasing. show that S + for the odd state is generally lower than S max , which results in more stringent conditions on the decoherence parameters required for the BI violation than for the even state. The difference is significant when S + − 2 is small. However, for S + ≥ 2.4 there is practically no difference in the values of S + for the odd and even states.
No decoherence in one qubit
Consider the extreme case of nonequal decoherence of the qubits, i.e., the case when decoherence is absent in one of the qubits, e.g., in qubit b. 
The optimal value of β corresponding to Eq. (4.49a) follows from Eq. (4.43) or (4.44) to be 
(4.51) Figure 5 shows the contour plot of S + versus γ a and μ a for the even and odd states which produce S + = S max (the solid lines) and for any maximally entangled state (the dashed lines). Equation (4.49) and Fig. 5 imply that now the BI violation is possible for γ a > 0.5, this limit being approached in the absence of proper dephasing (μ a = 1). Hence, in particular, for μ a = 1 the BI violation duration maximized over all states is given by τ B = T 1 ln 2 ≈ 0.693T 1 . Equations (4.49a) and (4.51) imply that the BI violation for maximally entangled states is maximal (S + = S max ) when there is no energy relaxation (γ a = 1) or when the first term in the braces in Eq. (4.49a) is dominating (see Fig. 5 ); the latter occurs for a sufficiently weak pure dephasing, μ > (2 √ 2 − 2) 1/2 ≈ 0.910, when γ 2 < γ a < γ 1 where
. Note that maximally entangled states produce practically the same BI violation as the optimal states for S + ≥ 2.4.
General case
In the general case when the decoherence parameters for the two qubits are different, the maximum of the BI violation can be obtained in a state of the form (4.14), as discussed in Sect. 4.3. We performed several hundred calculations of S + for the states (4.14) and (4.30) with random values of the four parameters γ k and μ k (k = a, b) from the interval [0. 8, 1] . In our calculations the maximal violation of the BI inequality resulted from the even state (4.30) in about 70% of the cases. In the cases, where the even state did not yield the maximal S, there were various optimal states, which included both general maximally entangled states (2.16) and nonmaximally entangled states. However, the difference between S max and S + due to the optimal even state was less than 0.1.
Thus, there can be several approaches to obtain S max and the optimal observation conditions for given decoherence parameters, In the decreasing order of the degree of complexity and accuracy, such approaches are as follows: (a) One can use the exact numerical approach of Sect. 4.3, which provides S max , the optimal state, and the optimal detector configurations. 
Decoherence and measurement errors
In the previous sections we assumed that measurements are ideal. Here we take into account the possibility that measurements of the qubits are performed with local (independent) errors. Effects of local errors were studied elsewhere [20, 32] . In this section we discuss combined effects of local errors and local decoherence. The present case is rather involved, since it includes complications due to both decoherence and errors. Here we discuss only the general approach to the problem, whereas a detailed analysis is out of the scope of the present paper (see also [32] ).
Bell inequality in the presence of measurement errors
As in [32] , we describe measurement errors by the fidelity matrix {F k im }, where F k im is the probability to find qubit k in state |i when it is actually in state |m . Since F k 0m + F k 1m = 1, there are two independent error parameters per qubit, e.g.,
and F k 1 = F k 11 , the measurement fidelities for the states |0 and |1 , respectively. As shown in [32] , in the presence of local measurement errors the BI has the form (2. Here, e.g.,Ã
A andB following fromÃ andB in Eq. (5.3) on the replacement of a and b by a and b , respectively. Consider properties of S which can be helpful in calculations [32] . The property (i) of S (Sect. 2.1) holds also in the presence of errors. However, the properties (ii) and (iii) generally do not hold now. As a result, in the case with errors, the maximal and minimal values of S for a given state are generally not equal by the magnitude, S + = |S − |, so that the maximum BI violation for a given state is determined by max{S + , |S − |}. Note, however, the relations which follow from Eqs. (5.1)-(5.4),
Equations (5.5) imply that S + = |S − | if the two measurement fidelities are equal, at least, for one qubit:
Modified Bell operator for decoherence and errors
In the presence of decoherence and errors one should substitute Eq. (4.1) into Eq. (5.1).
It is useful to recast the resulting expression as
where the Bell operator modified by errors and decoherence iŝ
It is straightforward to show that [cf. Eq. (4.13)] 9) whereas the operatorsÂ ,B, andB are given by Eq. (5.9), where a is replaced by a , b, and b , respectively. In the special case when for each qubit the measurement fidelities for the two states are equal,
where S d is the value of S obtained in the presence of decoherence but in the absence of measurement errors. This case can be analyzed, as discussed in Sect. 4.
Qubit-swap symmetry
In the presence of the errors, the theory of Sect. 3 is not applicable. The reason for this is that S in Eq. (5.1) depends on ρ not only through the matrix T, as in Eq. (3.3), but also through the vectors r a and r b in Eq. (3.1). Actually, now there are, in a sense, much less optimal configurations for a given state than for the case of ideal measurements [32] . Anyhow, there is always, at least, one optimal configuration maximizing |S|. However, in the case of equal measurement errors for the two qubits, 12) there exists an important class of states for which there are, at least, two optimal configurations. This class consists of symmetric states and the states equivalent to symmetric states up to local unitary transformations. We call a state symmetric if it is symmetric with respect to a qubit swap, i.e., it is not changed under a swap of the qubit labels in Eq. (3.1). In other words, the state is symmetric if in Eq. (3.1)
Taking into account that in the case (5.12) the Bell operator (5.2) is invariant when simultaneously the qubit labels are swapped and the substitution
is made, we obtain that for a symmetric state, S in Eq. (5.1) is invariant under the substitution (5.14). Thus, in the case of equivalent errors (5.12) and a symmetric state, there exist, at least, two optimal configurations, these configurations being related by the substitution (5.14). Moreover, for any state obtained from a symmetric state by a local transformation (2.7a) there exist, at least, two optimal configurations. The relation between two configurations providing the same S, and hence between the optimal configurations, is given by Eq. (5.14) , where a, a , b, and b are replaced, respectively, by R that r a = r b = z(1−2γ cos 2 β) and r a = r b = z(1−γ ) , respectively. Furthermore, a mixed state resulting from the odd state (4.29) due to pure dephasing is equivalent to a symmetric state up to a rotation of one of the qubits by π around the x axis. In contrast, a state resulting from a nonmaximally entangled odd state due to energy relaxation (and perhaps pure dephasing) cannot be made symmetric by local rotations, since then |r a | = |r b |.
Discussion
There is no analytical solution in the presence of errors [20, 32] . Moreover, the present case involves an eight-dimensional parameter space (there are two decoherence parameters and two measurement fidelities for each qubit), which additionally complicates the analysis.
Similarly to Sect. 4.2, the modified Bell operatorB (5.8) can be used for numerical calculations, since for given decoherence and error parameters the maximum (minimum) value of S equals the maximum (minimum) of the greatest (smallest) eigenvalue ofB over the detector directions, the optimal state being given by the corresponding eigenvector. Now, as in Sect. 4, S is invariant to rotations of the qubits and detectors around the z axis, which allows one to reduce the number of the fitting parameters from eight to six by setting, say, a y = b y = 0. This number cannot be further reduced, since now point (i) in Sect. 4.2 is not applicable.
This computation procedure is relatively slow. It produces generally different optimal states for different values of the parameters. An approach which is faster and more relevant for most experiments is to consider the BI violation for a specific initial state ρ 0 , e.g., the odd or even state [Eqs. Note that in the cases of the odd and even states the number of the detector parameters can be reduced from eight to seven, as follows. When the initial state is odd (even), for the measured state ρ (4.8) which underwent decoherence, the only nonvanishing off-diagonal elements are ρ 23 = ρ 32 (ρ 14 = ρ 41 ). As a result, for the odd (even) initial state, the density matrix ρ is invariant under a rotation of qubits a and b around the z axis by an arbitrary angle α (angles α and −α, respectively). Because of the invariance of S under identical rotations of the qubits and detectors, Eq. (2.7), one can reduce the number of the detector parameters by moving, say, a into the xz plane, i.e., choosing a y = 0. A detailed analysis of the case of the odd state, Eq. (4.29), is performed in [32] ; the even state can be discussed in a similar way.
Conclusions
In the present paper we have considered conditions for maximal violations of the Bell inequality in the presence of decoherence. In addition, combined effects of decoherence and local measurement errors have been discussed.
Since decoherence transforms a pure entangled state into a mixed state, we have begun the consideration from the study of optimal conditions for the violation of the BI (2.2) for a general (pure or mixed) state. We have obtained all detector configurations providing the maximal value of the CHSH parameter S in Eq. (2.2) for an arbitrary state. We have shown that generally the set of all optimal configurations for a given state is characterized by one continuous and one discrete parameters, whereas in special cases it can be characterized by two or three continuous parameters. We have obtained also the symmetry relation for the optimal detector orientations, Eq. (3.40) or (3.41), which follows from the invariance of S with respect to the qubit swap.
Further, we have considered effects of local decoherence on the BI violation. We have used the decoherence superoperator in the operator-sum form, which describes energy relaxation at the zero temperature and arbitrary pure dephasing. We have expressed S as the average over the initial state of the Bell operator modified by decoherence. This operator has been used for numerical calculations in order to obtain the maximal BI violation for any values of the decoherence parameters. We have reduced the number of varied parameters from 8 to 5 and thus significantly accelerated the calculations, using the symmetry of the decoherence model and the fact revealed here (Sect. 3) that the set of optimal configurations for a given state is continuous. Our calculations have allowed us to identify a class of two-qubit pure states (the real states) which provide maximal BI violations for all values of decoherence parameters. We have obtained an analytical solution for this class of states and used it to develop a fast numerical approach for maximizing Bell violations.
We have obtained simple analytical solutions for both optimal and maximally entangled odd and even states. Such states are often used in experiments on the BI violation. In particular, the general odd state is relevant for experiments with superconducting phase qubits. While in the absence of decoherence the optimal detector configurations for the odd and even states are vertical, in the presence of decoherence, they are either vertical or horizontal. We have discussed both the general case of arbitrary decoherence parameters and a number of important special cases. In particular, we have revealed that the even state is optimal in most cases. Our analysis have been illustrated by numerical calculations.
Moreover, the combined effects of local errors and decoherence have been considered. In this case the maximal Bell violation depends on eight parameters. We have derived the Bell operator modified by decoherence and errors and have used it to discuss symmetry properties of S. Numerical approaches in this case have been also outlined.
The present results are applicable to many types of qubits, including, in particular, superconducting qubits. Moreover, the present results have relevance to the ongoing discussion of effects of decoherence on entanglement, a major resource in the field of quantum information. 
where V is a 3 × 3 orthogonal matrix, V T V = I 3 , and U = T T T is a real symmetric matrix with nonnegative eigenvalues u 1 , u 2 , u 3 (0 ≤ u 3 ≤ u 1 , u 2 ). V is unique, being given by V = TU Note that this expression is independent of ρ 12 , ρ 21 , ρ 13 , and ρ 31 .
The states with det(T) ≥ 0 do not violate the BI. To show this, it is sufficient to consider a diagonal T = √ U, since, as mentioned above, such T can be obtained for any state with det(T) ≥ 0 by means of local unitary transformations, which do not change S. A diagonal T = √ U is given by Eq. (B.6) with nonnegative matrix elements, which implies that r ≡ ρ 22 However, the BI violation implies Tr U ≥ u 1 + u 2 > 1. Hence, a necessary condition for the BI violation is det(T) < 0. As a consequence, in view of Eq. (B.2), for the states violating the BI all u i do not vanish. Note that in the case det(T) < 0 Eq. (B.2) can be recast in the form (3.14).
